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A NUMBER FIELD EXTENSION OF
A QUESTION OF MILNOR
T. CHATTERJEE, S. GUN AND P. RATH
To Professor Ram Murty on the occasion of his sixtieth birthday
Abstract. Milnor [7] formulated a conjecture about rational linear in-
dependence of some special Hurwitz zeta values. In [3], this conjecture
was studied and an extension of Milnor’s conjecture was suggested. In
this note, we investigate the number field generalisation of this extended
Milnor conjecture. We indicate the motivation for considering this num-
ber field case by noting that such a phenomenon is true in an analogous
context. We also study some new spaces related to normalised Hurwitz
zeta values.
1. Introduction
For a real number x with 0 < x ≤ 1 and s ∈ C with ℜ(s) > 1, the
Hurwitz zeta function is defined by
ζ(s, x) :=
∞∑
n=0
1
(n+ x)s
.
This (as a function of s) can be analytically extended to the entire com-
plex plane except at s = 1 where it has a simple pole with residue one. Note
that ζ(s, 1) = ζ(s) is the classical Riemann zeta function.
In 1983, Milnor (see [7], §6) made a conjecture about the linear inde-
pendence of certain special Hurwitz zeta values over Q. More precisely, he
suggested the following:
For integers q, k > 1, the Q-linear space V (k,Q) generated by the real
numbers
ζ(k, a/q), 1 ≤ a < q with (a, q) = 1
has dimension ϕ(q).
The relevance of these Hurwitz zeta values is that they form a natural
generating set for the study of special values of Dirichlet series associated
to periodic arithmetic functions. More precisely, one is interested in the
special values of L-series of the form
L(s, f) :=
∞∑
n=1
f(n)
ns
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where f is defined over integers and f(n + q) = f(n) for all integers n
with a fixed modulus q. Typically, f takes algebraic values. Running over
arithmetic progressions mod q, one immediately deduces that
L(s, f) = q−s
q∑
a=1
f(a)ζ(s, a/q).
In [3], the second and the third author with M. Ram Murty studied Mil-
nor’s conjecture and derived a non-trivial lower bound for the dimension of
V (k,Q), namely that the dimension is at least half of the conjectured di-
mension. They also obtained a conditional improvement of this lower bound
and noted that any unconditional improvement of this “half” threshold will
have remarkable consequences in relation to irrationality of the numbers
ζ(2d+ 1)/pi2d+1.
Furthermore in [3], the authors suggested a generalisation of the original
conjecture of Milnor. There are at least two reasons for considering such a
generalisation. First is that the inhomogeneous version of Baker’s theorem
for linear forms in logarithms of algebraic numbers naturally suggests such
a generalisation. Secondly, typically one is interested in irrationality of
ζ(2d+1)/pi2d+1 as well as that of ζ(2d+1) and this generalisation predicts the
irrationality of both these numbers. Following is this extension suggested
by the authors (see [3]):
Extended Milnor conjecture: In addition to the original Milnor’s conjec-
ture, V (k,Q) ∩Q = {0}.
In an earlier work [2], the first author considered various ramifications of
this conjecture.
In this work, we investigate the number field extension of the above con-
jecture. One of the reasons for considering such an extension is that we are
interested in the transcendence of odd zeta values ζ(2d+1) as well as of the
normalised values ζ(2d + 1)/pi2d+1. This extension predicts such an even-
tuality. Moreover, there is a related set up where the analogous statement
can be established unconditionally. This is the content of Theorem 2.2 in
the next section. See also [4] and [6] for a modular interpretation of the
conjectural transcendence of the normalised values ζ(2d+ 1)/pi2d+1.
It will be evident that considering the extended Milnor conjecture to a
number field K comes with a caveat, namely it depends on the arithmetic
of K (for instance compare Theorem 3.3 with Corollary 4.2).
As we shall see in section 3, the expected K-dimension is ϕ(q) for num-
ber fields K such that K ∩ Q(ζq) = Q. In such cases, the mathematics
is somewhat amenable and one can derive similar lower bounds for these
dimensions as has been done in the earlier works [3] and [5].
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On the other hand, when the ambient number field K has non-trivial
intersection with the q-th cyclotomic field Q(ζq), nothing is known. In
section 4, we investigate this difficult case and derive some results. We also
try to highlight the crux of the complexity.
Finally in the last section, we consider some new spaces generated by
normalised Hurwitz zeta values which appear naturally in the study of ir-
rationality of odd zeta values. The mathematics in this set up is somewhat
different. For instance, the parity of k enters into the question non-trivially
which is not evident in the earlier questions.
2. The analogous case for the space generated by the values
of L(1, χ)
In this section, we consider the question of linear independence of the
special values L(1, χ) as χ runs over non-trivial Dirichlet characters mod q.
This serves as a guiding line for the questions addressed in this work.
One of reasons why we have a clearer picture in this context is the fol-
lowing seminal theorem of Baker (see [1], also [10]).
Theorem 2.1. If α1, · · ·αn are non-zero algebraic numbers such that the
numbers logα1, · · · , logαn are linearly independent over rationals, then the
numbers 1, logα1, · · · , logαn are linearly independent over Q.
In an earlier work, R. Murty and K. Murty [9] used Ramachandra units
to prove that the values L(1, χ) as χ runs through non-trivial even Dirichlet
characters mod q are linearly independent over Q. We note that without
much effort, the following extension of their result can be obtained.
Theorem 2.2. The numbers L(1, χ) as χ runs through non-trivial even
Dirichlet characters mod q and 1 are linearly independent over Q.
Proof. As noticed in [9], each of these special values is a linear form in log-
arithms involving real multiplicatively independent units of Ramachandra.
Thus any linear combination ∑
χ even
χ6=1
λχL(1, χ)
with λχ algebraic, not all zero, is necessarily transcendental by Baker’s
theorem. 
We now highlight as well as summarise the salient features in this set up.
This will serve as an indicator of what to expect in the more involved case
of special values related to Milnor’s conjecture.
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• When χ is an odd character, it can seen that L(1, χ) is an algebraic
multiple of pi (see page 38 of [13] for instance). Thus the L(1, χ)
values when χ runs through odd characters mod q form a one di-
mensional vector space over Q. Let us call this space the arithmetic
space and denote it by Var. Since pi is transcendental, we have
Var ∩Q = {0}.
• The Q vector space generated by the L(1, χ) values when χ runs
through non trivial even characters mod q is of optimal dimension
ϕ(q)/2−1. Let us call this space the transcendental space and denote
it by Vtr. If we assume Schanuel’s conjecture, all these values are al-
gebraically independent. Recall that Schanuel’s conjecture (see [10],
page 111) is the assertion that for any collection of complex numbers
α1, · · · , αn that are linearly independent over Q, the transcendence
degree of the field
Q(α1, · · · , αn, eα1 , · · · , eαn)
over Q is at least n.
• The transcendental space intersects Q trivially, that is,
Vtr ∩Q = {0}.
This follows from Theorem 2.2.
• Finally, we can prove the following stronger assertion, namely that
the following sum
Var + Vtr +Q
is direct.
Here is a proof of this assertion. The values of L(1, χ) for non-
trivial even characters χ are linear forms in logarithms of real posi-
tive algebraic numbers. On the other hand, when χ is an odd charac-
ter, L(1, χ) is an algebraic multiple of log(−1). By Baker’s theorem,
any Q-relation involving logarithms of positive real algebraic num-
bers (from non-trivial even characters) and log(−1) will result in a
Z-linear relation between these numbers. This will lead to a con-
tradiction as log(−1) = ipi is purely imaginary. This along with
Theorem 2.2 proves that the above sum is direct.
3. generalised Milnor conjecture over number fields
intersecting Q(ζq) trivially
Let us first set some notations in relation to the extended Milnor con-
jecture over number fields. Let K be a number field and k > 1, q > 2 be
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integers. Let V̂k(q,K) be the K-linear space generated by the numbers
1, ζ(k, a/q), 1 ≤ a < q with (a, q) = 1.
We are interested in the dimension of this space. This as we shall see will
depend on the chosen number field K. We first isolate the following two
canonical subspaces of V̂k(q,K), namely the K-linear space spanned by the
following sets of real numbers:{
ζ(k, a/q) + (−1)kζ(k, 1− a/q) : (a, q) = 1, 1 ≤ a < q/2} ,
which we refer to as the “arithmetic space” and the space spanned by{
ζ(k, a/q) + (−1)k+1ζ(k, 1− a/q) : (a, q) = 1, 1 ≤ a < q/2}
which we call the “transcendental space”. Let us denote them by Var(K)
and Vtr(K) respectively.
We now state the following results which are of relevance in this set up.
First, one has the following theorem of Okada [11] (see also [8]).
Lemma 3.1. Let k and q be positive integers with k > 0 and q > 2. Let
T be a set of ϕ(q)/2 representations mod q such that the union T ∪ (−T)
constitutes a complete set of co-prime residue classes mod q. Let K be a
number field such that K ∩Q(ζq) = Q. Then the set of real numbers
dk−1
dzk−1
cot(piz)|z=a/q, a ∈ T
is linearly independent over K.
We shall be frequently using the following identity (see [8], for instance):
ζ(k, a/q) + (−1)kζ(k, 1− a/q) = (−1)
k−1
(k − 1)!
dk−1
dzk−1
(pi cot piz)|z=a/q. (1)
Finally, one has the following result established in [5]:
Lemma 3.2. For any 1 ≤ a < q/2 with (a, q) = 1, the number
ζ(k, a/q) + (−1)kζ(k, 1− a/q)
(ipi)k
lies in the q-th cyclotomic field Q(ζq).
Now one can see that each generating element of the arithmetic space
Var(K) is actually transcendental. However, we call the space Var(K) arith-
metic as it still generates a one-dimensional space over Q. This follows from
Lemma 3.2.
On the other hand, one expects all the generating elements of the tran-
scendental space Vtr(K) to be algebraically independent and hence of dimen-
sion ϕ(q)/2 over Q. Note that the results of the previous section supports
such an expectation.
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Having fixed these notations, we now consider the relatively accessible
case, namely when K∩Q(ζq) = Q. In this case, we can prove the following
lower bound for the dimension of V̂k(q,K).
Theorem 3.3. Let k > 1, q > 2 be positive integers and K be a number
field with K ∩Q(ζq) = Q. Then
dimK V̂k(q,K) ≥ ϕ(q)
2
+ 1.
Proof. By Lemma 3.1, the following ϕ(q)/2 numbers
dk−1
dzk−1
(pi cot piz)|z=a/q, 1 ≤ a < q/2, (a, q) = 1
are linearly independent over K since K intersects Q(ζq) trivially. Further,
by Lemma 3.2, each of these numbers
ζ(k, a/q) + (−1)kζ(k, 1− a/q)
is an algebraic multiple of pik and hence Var(K) does not contain 1. Thus
using the identity given by (1), we have the lower bound mentioned in the
theorem. 
Any improvement of the above lower bound for odd k will have remarkable
consequences. In particular, we have the following consequence which is not
difficult to derive.
Proposition 3.4. Let k > 1 be an odd integer. If dimKV̂k(4,K) = 3 for all
real number fields K, then ζ(k) is transcendental.
In this context, we have the following conditional improvement of the
above lower bound for odd k.
Theorem 3.5. Let k > 1 be an odd integer and q, r > 2 be two co-prime
integers. Also, let K be a real number field with discriminant dK co-prime
to qr. Assume that ζ(k) /∈ K. Then either
dimKV̂k(q,K) ≥ ϕ(q)
2
+ 2
or dimKV̂k(r,K) ≥ ϕ(r)
2
+ 2.
Proof. Suppose not. Then by the above theorem, we have
dimKV̂k(q,K) =
ϕ(q)
2
+ 1
and
dimKV̂k(r,K) =
ϕ(r)
2
+ 1.
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Now for the first case, the numbers
1, ζ(k, a/q)− ζ(k, 1− a/q), where (a, q) = 1, 1 ≤ a < q/2
generate V̂k(q,K) over K. Since k is odd, we have
ζ(k, a/q)− ζ(k, 1− a/q)
(pii)k
∈ Q(ζq) ⊆ K(ζq). (2)
Now consider the identity
ζ(k)
∏
p prime,
p|q
(1− p−k) = q−k
q−1∑
a=1
(a,q)=1
ζ(k, a/q) ∈ V̂k(q,K).
Thus ζ(k) ∈ V̂k(q,K) and hence
ζ(k) = α1 +
∑
(a,q)=1
1≤a<q/2
βa [ζ(k, a/q)− ζ(k, 1− a/q)]
for some α1, βa ∈ K. Using (2)
a1 :=
ζ(k)− α1
ipik
∈ K(ζq).
Similarly,
dimKV̂k(r,K) =
ϕ(r)
2
+ 1
implies
a2 :=
ζ(k)− α2
ipik
∈ K(ζr) (3)
with α2 ∈ K. Thus,
a1ipi
k + α1 = a2ipi
k + α2
which implies
(a1 − a2)ipik = α2 − α1.
Transcendence of pi implies that α1 = α2, a1 = a2 and hence
ζ(k)− α1
ipik
∈ K(ζq) ∩K(ζr) = K
because (dK, qr) = 1. Since K ⊂ R, ζ(k) = α1 ∈ K, a contradiction. This
completes the proof of the theorem. 
We end the section by proposing what we believe should be the extended
Milnor conjecture for number fields K that intersect Q(ζq) trivially, namely:
The dimension of the K-linear space V̂k(q,K) when K ∩ Q(ζq) = Q is
equal to ϕ(q) + 1.
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When K intersects Q(ζq) non-trivially, the situation is more involved and
this is the content of the next section.
4. Extended Milnor conjecture over number fields
intersecting Q(ζq) non-trivially
In this section, we consider the case when the ambient number field K
intersects Q(ζq) non-trivially. The difficulty here is that the result of Okada
is no longer valid which precludes us from concluding about the dimension
of the arithmetic space Var(K).
Here we have the following theorem.
Theorem 4.1. Let k > 1, q > 2 be integers. For 1 ≤ a < q/2, (a, q) = 1,
let λa be defined as
λa :=
ζ(k, a/q) + (−1)kζ(k, 1− a/q)
(pii)k
.
If λa ∈ K for some a as above, then
2 ≤ dim V̂k(q,K) ≤ ϕ(q)
2
+ 2.
Proof. We first recall that (see [3])
ζ(k, a/q) + (−1)kζ(k, 1− a/q)
(pii)k
= A
q∑
b=1
(
ζabq + (−1)kζ−abq
)
Bk(b/q)
where Bk(x) is the k-th Bernoulli polynomial and A is a rational number.
Suppose λa ∈ K. Then λa ∈ K := K ∩ Q(ζq). Since K is Galois (in fact
abelian) over Q, every element of the Galois group G = Gal(Q(ζq)/Q) when
restricted to K gives an automorphism of K. Note that for any (r, q) = 1,
the corresponding element σr of G, given by the action ζq → ζrq ), takes
λa to λar. Hence λc ∈ K for all (c, q) = 1 with 1 ≤ c < q/2. Now the
upper bound is obvious as Var(K) is of dimension one over K and because
1 /∈ Var(K). This also gives the lower bound. 
As a corollary, we have
Corollary 4.2. For k > 1, q > 2, we have
2 ≤ dim V̂k(q,Q(ζq)) ≤ ϕ(q)
2
+ 2.
To get an idea of the difficulty, we now give an instance where the dimen-
sion of Var(K) does not go down even when K intersects Q(ζq) non-trivially.
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Theorem 4.3. Let k > 1, q > 2 be a natural number and K = Q(i
√
d) for
some square-free natural number d ≥ 1. If K ∩Q(ζq) = Q(i
√
d), then
dimK Var(K) = ϕ(q)/2
and thus
dimK V̂k(q,K) ≥ ϕ(q)
2
+ 1.
Proof. Write
λ′a := ζ(k, a/q) + (−1)kζ(k, 1− a/q),
where (a, q) = 1 with 1 ≤ a < q/2. If these numbers are linearly dependent
over K, then ∑
a
(αa + i
√
d βa)λ
′
a = 0,
where αa, βa are rational numbers. Since by Okada’s theorem the numbers
λ′a’s are linearly independent over Q, we have αa = 0 = βa for all such a.
Then the theorem follows by noticing that pik 6∈ Q. 
As indicated earlier, the dimension of the space V̂k(q,K) for odd k is
particularly important. Here one has the following proposition.
Proposition 4.4. There exists an integer q0 > 2 such that for all integers
q > 2 with (q0, q) = 1, the dimension of the space V̂k(q,Q(ζq)) is at least 3
for infinitely many odd k.
Proof. Suppose that for any two co-prime integers q and r, we have
dim V̂k(q,Q(ζq)) = 2 and dim V̂k(r,Q(ζr)) = 2.
As k is an odd integer, we have
ζ(k, a/q)− ζ(k, 1− a/q) ∈ ipikQ(ζq)
for all 1 ≤ a < q/2 with (a, q) = 1 and
ζ(k, b/r)− ζ(k, 1− b/r) ∈ ipikQ(ζr)
for all 1 ≤ b < r/2 with (b, r) = 1. Hence the spaces V̂k(q,Q(ζq)) and
V̂k(r,Q(ζr)) are generated by 1 and ipi
k over Q(ζq) and Q(ζr) respectively.
Again we know that ζ(k) belongs to both the spaces V̂k(q,Q(ζq)) and
V̂k(r,Q(ζr)). Hence ζ(k) can be written as
ζ(k) = α1 + α2ipi
k = β1 + β2ipi
k (4)
for some α1, α2 ∈ Q(ζq) and β1, β2 ∈ Q(ζr). Thus we have
(α2 − β2)ipik = β1 − α1.
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Transcendence of pi implies that α1 = β1 and α2 = β2. As Q(ζq)∩Q(ζr) = Q,
we see that both α1, α2 are rational numbers. Then by (4), it follows that
ζ(k) is necessarily rational. By the work of Rivoal [12], we know that there
are infinitely many odd k such that ζ(k) is irrational. Thus we have the
proposition. 
We summarise the issues involved in the number field version of the ex-
tended Milnor conjecture. This is modelled upon our experience in relation
to the corresponding questions involving the interrelation among the values
of L(1, χ) as discussed in Section 2.
• It is clear that Var(K) ∩Q = {0}. However the dimension of Var(K)
over K is most likely the only parameter which depends on the am-
bient number field K. As we noticed, Var(K) is a one-dimensional
vector space over Q. The dimension of the arithmetic space does
not seem to have any transcendental input.
• One expects that the elements of the generating set of Vtr(K) are
linearly independent over K and therefore have dimension ϕ(q)/2.
In fact, one expects this to hold even over Q. This is likely to be a
transcendental issue.
• One believes that
Vtr(K) ∩K = 0.
Again, this is likely to be a transcendental issue.
• Finally, one expects that the sum
Vtr(K) + Var(K) +K
is direct. But this supposedly involves the question of independence
between families of different transcendental numbers and hence may
have both transcendental as well as arithmetic input.
5. Space generated by normalised Hurwitz zeta values
In this section, we define the following new class of Q-linear spaces.
Definition 5.1. For integers k > 1, q > 2, let Sk(q) be the Q-linear space
defined by
Sk(q) := Q− span of
{
ζ(k, a/q)
pik
: 1 ≤ a < q, (a, q) = 1
}
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and Ŝk(q) be the Q-linear space defined by
Ŝk(q) := Q− span of
{
1,
ζ(k, a/q)
pik
: 1 ≤ a < q, (a, q) = 1
}
.
These spaces appear similar to the spaces related to Milnor and ex-
tended Milnor conjecture respectively. But there is an important distinc-
tion, namely the parity of k enters the picture. Recall, the conjectural
dimension of the extended Milnor spaces is independent of parity of k. But
this is no longer the case for these new spaces.
However as before, in relation to these spaces also, we can deduce the
following lower bound.
Theorem 5.2. Let k > 1 and q > 2 be two integers. Then
dimQ Sk(q) ≥ ϕ(q)
2
.
Proof. First note that the space Sk(q) is also spanned by the following sets
of real numbers:{
ζ(k, a/q) + ζ(k, 1− a/q)
pik
| (a, q) = 1, 1 ≤ a < q/2
}
,{
ζ(k, a/q)− ζ(k, 1− a/q)
pik
| (a, q) = 1, 1 ≤ a < q/2
}
.
Then, again by the following ubiquitous identity
ζ(k, a/q) + (−1)kζ(k, 1− a/q) = (−1)
k−1
(k − 1)!
dk−1
dzk−1
(pi cot piz)|z=a/q
and by the result of Okada, the numbers on the right hand side for 1 ≤
a < q/2 with (a, q) = 1 are Q-linearly independent. Hence the following
numbers
ζ(k, a/q) + (−1)kζ(k, 1− a/q)
pik
, 1 ≤ a < q/2, (a, q) = 1
are linearly independent over Q. 
Interestingly, the parity of k enters the picture non-trivially as seen by
the following proposition.
Theorem 5.3. Let k > 1 be an even integer and q > 2 be any integer.
Then Sk(q) = Ŝk(q).
Proof. Note that for even k,
q−1∑
a=1
(a,q)=1
ζ(k, a/q)
pik
= qk
∏
p prime,
p|q
(1− p−k)ζ(k)
pik
∈ Q.
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Hence for k even,
Q ⊂ Sk(q)
and thus Sk(q) = Ŝk(q). 
Thus for an even k, Q lies in the associated normalised arithmetic space.
However, when k is an odd integer, we expect the picture to be different.
For instance, unlike the earlier case, Q does not seem to belong to the
normalised arithmetic space, at least when 4 ∤ q.
Theorem 5.4. Let k > 1 be an odd integer and 4 ∤ q. Then Q does
not belong to the normalised arithmetic space, that is, the Q-vector space
generated by the numbers
ζ(k, a/q)− ζ(k, 1− a/q)
pik
, 1 ≤ a < q/2, (a, q) = 1.
intersects Q trivially.
Proof. Suppose that 1 belongs to the given space. As noted before, each of
these numbers
ζ(k, a/q)− ζ(k, 1− a/q)
pik
, 1 ≤ a < q/2, (a, q) = 1
when multiplied by i lie inside the q-th cyclotomic field. Therefore, if 1
is expressible as a rational linear combination of these numbers, then i
necessarily lies in the qth cyclotomic field. This not possible as 4 ∤ q. This
completes the proof. 
Further, when k is odd, we can also derive the following result by em-
ploying the earlier techniques as in Proposition 4.4.
Theorem 5.5. Let k > 1 be an odd integer. Then there exists a q0 > 2
such that
dimQSk(q) ≥ ϕ(q)
2
+ 1
for any q > 2 co-prime to q0.
To conclude, while
Sk(q) = Ŝk(q)
when k is even, there is reason to believe that
Sk(q) ( Ŝk(q)
when k is odd, at least when 4 ∤ q.
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